Optical properties of fcc opals oriented along the ͓111͔ direction are calculated by means of a scatteringmatrix approach based on approximating each sphere with cylindrical slices. The use of a plane-wave basis in each layer allows distinguishing zero-order reflection and transmission from higher-order ͑diffraction͒ spectra. Optical spectra at large values of the angle of incidence indicate the presence of diffraction effects and of polarization mixing along the LW orientation. Reflectance and transmittance in the high-energy region show a rich spectral dependence and compare reasonably well with recent experimental observations on polystyrene opals. Diffraction spectra as a function of the number of layers display an oscillatory behavior, pointing to the existence of a Pendellösung phenomenon, related to the exchange of energy between two propagating modes in the investigated three-dimensional photonic crystal. This phenomenon could be observed in transmittance experiments on high-quality opals with controlled thickness.
I. INTRODUCTION
Since the first proposal in 1987 ͓1,2͔, there has been growing interest towards photonic crystals ͑PhCs͒ in view of the possibility to control light propagation in all spatial directions ͓3-8͔. Among all investigated structures, artificial opals are readily available three-dimensional ͑3D͒ PhCs. They consist of dielectric spheres ͑usually made of polystyrene or silica͒ arranged in a close-packed fcc lattice oriented along the ͓111͔ crystallographic direction. Bare opals can be produced with bottom up approaches based on casting from colloidal solutions, possibly followed by infiltration with high-index materials and template removal in order to obtain inverse opals ͓9-12͔.
The optical properties of opals have been subject to a number of investigations and are increasingly well known over the years ͓13-43͔. Superprism effects ͓18,32͔, superluminality ͓21, 24,42,43͔, diffraction phenomena ͓14,25,28,29,37,40͔ and the control of spontaneous emission ͓20,30,35͔ are just a few of the interesting issues to be studied in opal structures. While most previous works were concerned with the fundamental stop band ͑or Bragg peak͒ and its evolution as a function of incidence angle, with multiple peaks related to diffraction appearing at high angles ͓28,29,31,36,41͔, recent studies on high-quality opals with large single domains allowed a precise determination of optical spectra in the region around and above the second-order stop band ͓12,38,39͔, where diffraction effects due to higherorder crystalline planes come into play even at normal incidence. These developments call for theories of the optical response of opals which reproduce the main phenomena associated with diffraction, with a good compromise between accuracy and computational effort.
In this work we give a systematic study of optical properties of fcc opals, focusing in particular on optical spectra at large incidence angles and/or in the high-energy region where diffraction effects play a crucial role. To this purpose we adopt a scattering-matrix or Fourier-modal method which has been developed in order to treat patterned multilayer structures ͓44-47͔: the approach applies to a stack of layers, each of which is periodic in the two-dimensional ͑2D͒ plane and is homogeneous in the vertical ͑z͒ direction. In order to employ this method, which is a numerically convenient one and includes diffraction effects in a natural way, we subdivide each sphere of the fcc structure into a set of cylinders oriented along the ͓111͔ direction and optimize their dimensions in order that the band structure in the energy region of interest is well reproduced.
While the photonic band structure of direct and inverse opals is well known from a variety of methods ͓48-50͔, the simplest one being 3D plane-wave expansion ͓3,51͔, the optical properties ͑i.e., reflection, transmission, and diffraction͒ are much more difficult to calculate. Other methods which have been applied to a study of optical properties of opals are now briefly discussed. First, a scalar-wave approximation ͓42,52-54͔ is frequently employed for a quick analysis of experimental results in the region of the first-order stop band. This approximation is basically one dimensional and is clearly unsuitable to study diffraction effects. Second, the finite-difference time domain ͑FDTD͒ method has been applied to study light propagation in 3D photonic crystals ͓55͔, however it requires heavy numerical calculations, especially for thick samples. Third, the transfer matrix method ͓56͔ has been used in order to study the optical properties of opals in the surroundings of the first pseudogap ͓22,31,57͔. This method presents some difficulties when dealing with thick samples. Fourth, the vectorial Korringa-Kohn-Rostoker ͑KKR͒ method is an accurate one for treating spherical particles in colloidal solutions ͓58-61͔. The method relies on a subdivision of the 3D structure in 2D layers of spheres and it is hard to apply to close-packed opals, in which two consecutive layers along the ͑111͒ direction partially overlap. None of these methods has been applied to a study of diffraction spectra, as done in the present work.
The rest of this paper is organized as follows. In Sec. II we give a description of the opal structure as represented in this work, and we compare the photonic band dispersion of the actual opaline structure with that obtained by replacing each sphere with a set of cylinders. In Sec. III we present results for optical spectra in the low-energy region for different incidence angles, discussing also diffraction spectra and the effects of polarization mixing along the LW orientation.
In Sec. IV we analyze optical spectra at normal incidence in the high-energy region, focusing in particular on diffraction phenomena and on their dependence on the number of layers: we verify and quantitatively evaluate the phenomenon of "Pendellösung" oscillations, which is well known in X-ray diffraction ͓62͔ and has been recently predicted for 2D photonic crystals ͓63͔. Section V contains a brief summary and discussion of the main results.
II. THEORETICAL METHOD

A. Structure description and scattering-matrix approach
A direct opal is constituted of dielectric spheres arranged in a close-packed fcc lattice. As it can be seen from Fig. 1͑a͒ , which shows a top view along the ͓111͔ direction, the opal structure can also be described as a close-packed lattice where each layer of spheres is shifted in the x direction with respect to the previous one, i.e., with a stacking sequence ABC, ABC, etc. Two consecutive layers are interpenetrating. Notice that the spheres in each layer are arranged in a triangular lattice of periodicity d = a / ͱ 2, where a is the lattice constant of the fcc lattice, while the cross sections of the spheres in two consecutive layers at the contact point form a graphite lattice, as seen in Fig. 1͑b͒ .
A vertical cross section of the opal structure in the xz plane is shown in Fig. 2͑a͒ , where the contact points between two interpenetrating layers can also be seen. The distance d 111 between two consecutive layers along the ͓111͔ direction is smaller than the sphere diameter d and is given by
Each layer is shifted in the x direction by d / ͱ 3 with respect to the previous one. Notice that the vertical stacking of the 2D planes is similar to the layered dielectric structure described in Refs. ͓5,64,65͔.
In this work we calculate the optical spectra of the opal structure by using the scattering-matrix method according to the procedure of Whittaker and Culshaw ͓47͔. Through this approach one can treat a structure constituted by multiple layers, each of which is patterned in the xy plane but is homogeneous in the z direction. The electromagnetic field in each layer is represented in a Fourier or plane-wave basis. The idea of the present work is to use the method by approximating each sphere with a set of cylinders, whose axes are oriented along the ͓111͔ direction. In particular we obtain satisfactory results by subdividing each sphere into five cylinders, as it is shown in Fig. 2͑b͒ , where the relevant dimensions ͑cylinder radii and heights͒ are defined. An important feature of this approach is to mimic the interpenetration of two consecutive layers along the ͓111͔ direction: this is obtained by making the outermost cylinders ͑numbers 1 and 5͒ to be of the same height H cap = ͑1− ͱ 2/3͒d as the overlapping layers, see structure is homogeneous along the z direction and it has the same 2D Bravais lattice ͑albeit with a different unit cell basis͒, thereby allowing to apply the scattering-matrix approach in a plane-wave basis. This approach is very convenient as it allows distinguishing zero-order Bragg reflection and transmission from higher-order processes: the latter ones correspond to diffraction in directions other than those of the transmitted and reflected beams.
B. Band structure comparison
The photonic band structure is obtained starting from the second-order wave equation for the magnetic field
By using the plane-wave expansion technique, we transform Eq. ͑2͒ into an eigenvalue problem and we calculate the inverse dielectric matrix following the procedure of Ho, Chan, and Soukoulis ͓51͔. This method allows us to calculate the photonic bands for an infinite crystal, for either the fcc structure constituted by spheres or when each sphere is subdivided into a set of cylinders. A comparison between the two band structures is a crucial test of the accuracy of the approach. In the present work we limit our study to bare opals made of polystyrene spheres ͑refractive index n poly = 1.58͒ in air ͑n air =1͒. We have optimized the cylinder parameters in order to reproduce the actual band structure of the opal with spheres in a range of dimensionless frequencies up to a / ͑2c͒ ഛ 2. The following conditions are imposed: ͑i͒ cylinders 1 and 5 are equal, cylinders 2 and 4 are equal; ͑ii͒ the height of cylinders numbers 1 and 5 is equal to the height H cap of the sphere caps in the overlapping layers and their radius equals the radius R cap of the sphere cross sections at the contact point ͑see Fig. 2͒ ; ͑iii͒ the total height of a layer of cylinders 1-5 is equal to the sphere diameter d; ͑iv͒ the total dielectric filling fraction is fixed to that of the spheres, i.e., f = / ͑3 ͱ 2͒ = 0.7405. We have seen that the best choice for the cylinder parameters is as follows:
The radius of cylinder number 3 turns out to be the same as the radius of the sphere. It should be noticed that condition ͑iii͒ for the total layer height is essential in order to give a good representation of light coupling at the interfaces for an opal of finite size. In Fig. 3 the calculated photonic band dispersion for the fcc structure with both spheres and cylinders is shown. The agreement of the photonic bands is amazingly good, even in the high-energy region ͑where the folding of free-photon bands corresponds to the occurrence of diffraction͒ and also along directions different from ⌫L, i.e., for non-normal incidence. In the following, all the optical spectra are calculated for the structure made of cylinders. For the sake of consistency we compare these spectra with the band structure calculated for an infinite crystal with the same five-cylinder approximation.
III. OPTICAL PROPERTIES IN THE LOW-ENERGY REGION
We calculate the optical spectra in the low-energy region for a polystyrene opal constituted by 21 layers ͑i.e., by seven periods along the ͓111͔ direction͒. In Fig. 4 we compare the photonic band structure along the ⌫L and LW directions in the first Brillouin zone with zero-order reflectance ͑R͒ and transmittance ͑T͒, as well as diffraction ͑D͒ spectra calculated as
The quantity D represents the intensity of light diffracted in all directions, except those of the reflected and transmitted beams, as previously mentioned in Sec. II A. The spectra are calculated for transverse magnetic ͑TM͒ and transverse electric ͑TE͒ polarizations of the incident beam and are taken for an incidence angle in air that increases from 0 to 70 degrees in steps of 5 degrees. All the curves are convoluted with a Gaussian line shape of variance a / ͑2c͒ = 0.005 in order to approach experimental conditions in which some broadening is inevitably present. We can clearly see the Bragg peak and its frequency dispersion for different incidence angles, in close agreement with the band structure, for both TM and TE incident light. In the same figure we can also notice a peak in reflection that crosses the pseudogap for incidence angles greater than 50 degrees: this feature arises from band cou- FIG. 3 . ͑Color online͒ Band structure of an fcc lattice made of polystyrene ͑n = 1.58͒ spheres in air ͑dots͒ and of the same lattice where each sphere is subdivided into five cylinders with optimized dimensions given in the text ͑solid line͒.
pling occurring near the W point of the Brillouin zone, related to multiple diffraction from ͕111͖ and ͕200͖ Bragg planes, as previously observed and discussed ͓28,29,31,36,41͔. This is confirmed by examination of the diffraction spectra. Between a / ͑2c͒ = 1.0 and 1.2 we can see many diffraction structures, related to the flat bands in that energy region. These structures are more visible in transmittance than in reflectance: this happens because the diffracted beam subtracts intensity both to the transmitted and reflected beams, but the effect of R spectra is a minor one since reflectance is small anyway.
It must be noticed that the labels TE and TM can be referred only to the incident light beam: in fact, since the ⌫LW plane is not a symmetry plane of the fcc structure, there is a mixing between the two polarizations for the outgoing light. In Fig. 5 the intensity of TM-polarized outgoing light for TE incoming light in transmission and reflection is shown. The incidence angles are the same as in the previous figure and all the curves are convoluted with the same Gaussian line shape. It can be noticed that there is no mixing at normal incidence, in agreement with group-theoretical considerations in the presence of a three fold rotation axis. The TE-TM mixing is greater in transmittance than in reflectance and it grows considerably in the same range of angles and energies for which the diffracted intensity becomes appreciable: thus, polarization mixing and diffraction are related to each other. It would be interesting to verify these predictions by polarization-resolved transmission measurements.
The phase delay of the transmitted beam can also be obtained by the scattering matrix method. Comparison with interferometric measurements of phase delay and group velocity on high-quality polystyrene opals is reported in Ref. ͓43͔, showing very good agreement between experiment and theory. Therefore, phase results will not be discussed in the present paper.
IV. OPTICAL SPECTRA IN THE HIGH-ENERGY REGION
In this section we study the optical response of an opaline structure in the high-energy region, around and above the frequencies of the second-order stop band. The comparison of the photonic bands in Fig. 3 guarantees that the cylinder approximation of the spheres remains quantitatively adequate. We focus on optical spectra at normal incidence, i.e., along the ⌫L direction. Since the incident field belongs to the twofold-degenerate irreducible representation of the C 3v group ͑which is the small point group along ⌫L͒, there is no distinction between TM and TE polarized light and all polarizations in the ͑111͒ plane are equivalent ͓66͔.
A. Optical properties along ⌫L
In Fig. 6 we compare reflectance ͑R͒, transmittance ͑T͒ and diffraction ͑D͒ spectra of a 21-layers opal with the photonic band structure, calculated along ⌫L line for the infinite crystal with the five-cylinders approximation. As in the pre- ceding section, optical spectra are convoluted with a Gaussian line shape of variance a / ͑2c͒ = 0.005.
The first peak in reflection, at a / ͑2c͒ = 1.15, corresponds to a dip in transmission and to a region in which the free-photon-like bands split at the center of the Brillouin zone. This second-order pseudogap, unlike the first pseudogap, is filled with low-dispersion bands arising from the folding of plane waves with reciprocal lattice vectors different from ͑000͒ and ͑111͒. In other words, these bands are associated with diffraction processes in directions other than forward-or backward propagation. This interpretation is confirmed by diffraction spectra in Fig. 6͑d͒ , in which the onset of diffraction at a / ͑2c͒ = 1.1 and a pronounced peak at a / ͑2c͒ = 1.2 are clearly visible.
The structures between a / ͑2c͒ = 1.2 and 1.6, also visible in transmission spectra, are due again to diffraction by higher-order Bragg planes. In this frequency interval there are many photonic bands with different dispersion, so assigning each peak in diffraction intensity to a specific band becomes quite difficult. Notice, however, that diffraction features can be recognized in transmission spectra even when the reflected intensity is very small. The diffraction intensity in this frequency region as a function of sample thickness will be dealt with in the next section.
At higher energies there are three other peaks in reflection. The first one ͓at a / ͑2c͒ = 1.61͔ is due to an anticrossing in the free-photon bands at about k = 0.7 ͱ 3 / a, while the second one ͓at a / ͑2c͒ = 1.74͔ is due to a splitting at the L point and is related to the third-order stop band. Both of them correspond to dips in transmission and in diffraction. The third peak ͓at a / ͑2c͒ = 1.84͔ corresponds to a dip in transmission and falls in a broad shoulder of the diffraction spectrum: like the first peak, it is related to an anticrossing of free-photon levels close to the L point of the Brillouin zone.
We now compare our theoretical results with the experimental reflectance and transmittance spectra reported in Fig.  4 of Ref. ͓38͔. The experimental R spectrum is characterized by two pronounced structures between dimensionless frequencies 1.1 and 1.2, followed by a flat background and two other peaks at a / ͑2c͒ = 1.6 and a / ͑2c͒ = 1.72. These features are qualitatively reproduced by our calculation, except for the fact that we get a narrower reflectivity peak in correspondence with the second-order stop band. The minima in the experimental transmittance spectrum are fairly well reproduced. The remaining discrepancies are attributed to the effects of imperfections and resulting diffusion, which may be particularly severe within the second-order stop band where several low-dispersion bands are present.
B. Pendellösung effect
We studied the dependence of diffraction intensity as a function of sample thickness, i.e., of the layer number N. In Fig. 7 the diffraction intensity in the high-energy region is shown in the form of a contour plot for N ranging from 1 to 40. Nearly periodic oscillations can be noticed at specific frequencies and the oscillation period is also a function of frequency. The periodic behavior is evidence of a mutual exchange of energy between two or more beams inside the crystals. This effect is analogous to the well known "Pendellösung" phenomenon, that has been extensively studied for X-ray or neutron diffraction in ordinary crystals ͓62͔. The same phenomenon has been recently studied in 2D photonic crystals ͓63͔ as an effect related to negative refraction. Figure 7 shows that the Pendellösung effect is also present for 3D photonic crystals in the energy region above the diffraction cutoff.
In order to appreciate the oscillatory behavior more clearly, we plot in Fig. 8 the diffracted intensity as a function of N for dimensionless frequencies a / ͑2c͒ = 1.33 and 1.30. Considering N as a continuous variable, the period of oscillations is close to ⌬N = 6.6 for Fig. 8͑a͒ and ⌬N = 8.7 for Fig. 8͑b͒ . Furthermore, it can be noticed that the Pendellö-sung oscillations for a / ͑2c͒ = 1.30 are damped. It is interesting to relate these features to the photonic band structure. Figure 9 shows the photonic bands that are allowed or forbidden for light coupling, due to symmetry reasons ͓67͔. Only coupled bands are responsible for light propagation and FIG. 6 . ͑a͒ Band structure along ⌫L for an infinite polystyrene opal in the five-cylinders approximation, ͑b͒ reflectance, ͑c͒ transmittance, ͑d͒ diffraction spectra at normal incidence for a polystyrene opal made of 21 layers. for diffraction effects along this specific direction. In order to give a quantitative description of the Pendellösung phenomenon, we notice that for a / ͑2c͒ = 1.33 and a / ͑2c͒ = 1.30 only two photonic modes are allowed in the crystal. In this case the period ⌳ Pend of the oscillation of the diffraction intensity is inversely proportional to the difference between the two relevant wave vectors,
where ⌬k = k 2 − k 1 . For the case of Fig. 8͑a͒ , a / ͑2c͒ = 1.33, we get ⌬k = 0.31· ͱ 3 / a = 0.97d 111 which gives ⌳ Pend = 6.5d 111 , in agreement with the above value of ⌬N. For the case of Fig. 8͑b͒ , a / ͑2c͒ = 1.30, we get ⌬k = 0.24· ͱ 3 / a = 0.75d 111 , whence ⌳ Pend = 8.4d 111 which also agrees with the period ⌬N determined from the figure. Thus we conclude that the Pendellösung oscillations originate from spatial beatings between the fundamental propagating mode along the ͓111͔ direction and a diffracted mode. These oscillations are visible in transmittance spectra as well. It would be interesting to verify these predictions experimentally on high-quality opals with controlled thickness. It is interesting to notice that the frequency a / ͑2c͒ = 1.30 is slightly below a minimum of the allowed mode at k = 0.17 ͱ 3 / a in Fig. 9 . Thus a single mode at k = 0.17 ͱ 3 / a is excited, but with a small imaginary part of the wave vector, leading to a damping of the Pendellösung oscillations as observed in Fig. 8͑b͒ . Also, when more than two wave vectors are allowed for light coupling the situation is much more complicated. In this case the exchange of energy is among three or more states and it may not result in periodic oscillations when the beating periods are incommensurate. Examples of this situation can also be recognized in Fig. 7 .
V. CONCLUSIONS
The scattering-matrix method is seen to be a powerful approach for calculating the optical response of opal photonic crystals, provided the spheres in the fcc structure are approximated with cylindrical layers. It is important to take into account the caps of the spheres in the overlapping layers in order to obtain a good representation of the photonic bands in the region where diffraction effects become relevant. Reflectance and transmittance at large values of the angle of incidence are characterized by the presence of spectral features related to diffraction: this interpretation is confirmed by the explicit calculation of diffracttion spectra. Polarization mixing effects along the LW orientation are predicted and are particularly evident in the calculated transmittance. Optical spectra at normal incidence in the highenergy region present several interesting features that correspond reasonably well to recent experimental results on polystyrene opals ͓38͔: remaining differences point to the role of diffusion related to disorder in the samples, especially in the vicinity of the second-order stop band. Finally, periodic oscillations in the diffracted ͑and also in the transmit- ted͒ intensity indicate the occurrence of a Pendellösung phenomenon, as recently predicted for 2D photonic crystals ͓63͔ and in analogy with X-ray diffraction in ordinary crystals. These results are examples of the richness of physical phenomena related to light propagation in 3D photonic crystals and are amenable to experimental verification in polystyrene or silica opals.
